Electroweak precision data have been extensively used to constrain models containing physics beyond that of the Standard Model. When the model contains Higgs scalars in representations other than singlets or doublets, and hence ρ = 1 at tree level, a correct renormalization scheme requires more inputs than the three commonly used for the Standard Model case. In such cases, the one loop electroweak results cannot be split into a Standard Model contribution plus a piece which vanishes as the scale of new physics becomes much larger than M W . We illustrate our results by presenting the dependence of M W on the top quark mass in a model with a Higgs triplet and in the SU (2) L × SU (2) R left-right symmetric model. In these models, the allowed range for the lightest neutral Higgs mass can be as large as a few TeV.
Introduction
Measurements at LEP, SLD, and the Tevatron have been used extensively to limit models with physics beyond that of the Standard Model (SM) 1 . By performing global fits to a series of precision measurements, information about the parameters of new models can be inferred 2,3 . The simplest example of this approach is the prediction of the W boson mass. In the Standard Model, the W -boson mass, M W , can be predicted in terms of other parameters of the theory. The predicted W boson mass is strongly correlated with the experimentally measured value of the top quark mass, m t , and increases quadratically as the top quark mass is increased. This strong correlation between M W and m t in the Standard Model can be used to limit the allowed region for the Higgs boson mass 4 .
In a model with Higgs particles in representations other than SU (2) doublets and singlets, there are more parameters in the gauge/Higgs sector than in the Standard Model. The SM tree level relation, ρ = M 2 W /(M 2 Z c 2 θ ) = 1 no longer holds and when the theory is renormalized at one loop, models of this type will require extra input parameters 5,6,7 . Models with new physics are often written in terms of the SM Lagrangian, L SM plus an extra contribution,
where L N P represents contributions from new physics beyond the SM. Phenomenological studies have then considered the contributions of L SM at one-loop, plus the tree level contributions of L N P . In this note, we give two specific examples with ρ = 1 at tree level, where we demonstrate that this procedure is incorrect. We discuss in detail what happens in these models when the scale of the new physics becomes much larger than the electroweak scale and demonstrate explicitly that the SM is not recovered. The possibility of a heavy Higgs boson which is consistent with precision electroweak data has been considered by Chivukula, Hoelbling and Evans 8 and by Peskin and Wells 9 in the context of oblique corrections. In terms of the S, T and U parameters 2,3 , a large contribution to isospin violation, δρ = αT > 1, can offset the contribution of a heavy Higgs boson to electroweak observables such as the W boson mass. The triplet model considered in this paper provides an explicit realization of this mechanism. The oblique parameter formulation neglects contributions to observables from vertex and box diagrams, which are numerically important in the example discussed here.
In Section 2, we review the important features of the SM for our analysis. We discuss two examples in Sections 3 and Appendix Appendix C where the new physics does not decouple from the SM at one-loop. For simplicity, we consider only the dependence of the W boson mass on the top quark mass and demonstrate that a correct renormalization scheme gives very different results from the SM result in these models. Section 3 contains a discussion of the SM augmented by a real scalar triplet, and Appendix Appendix C contains a discussion of a left-right SU (2) L × SU (2) R symmetric model. In Section 4, we show that the dependence on scalar masses in the W-boson mass is quadratic and demonstrate that the triplet is non-decoupling. Our major results are summarized in Eq. 31-33. These results are novel and have not been discussed in the literature before. Section 5 contains our numerical results and Section 6 concludes this paper. Similar results in the context of the littlest Higgs model have previously been found in Ref. 10, 11.
Renormalization
The one-loop renormalization of the SM has been extensively studied 12,13,14 and we present only a brief summary here, in order to set the stage for Sections 3 and Appendix Appendix C. In the electroweak sector of the SM, the gauge sector has three fundamental parameters, the SU (2) L × U (1) Y gauge coupling constants, model and show that the triplet is non-decoupling by investigating various scalar mass limits. We also find the conditions under which the lightest neutral Higgs can be as heavy as a TeV, which has new important implications on Higgs searches. These results concerning the scalar fields are presented in the next section.
The SU (2) L Higgs doublet in terms of its component fields is given by,
with φ 0 being the Goldstone boson corresponding to the longitudinal component of the Z gauge boson. A real SU (2) L triplet, Φ, can be written as (η
There are thus four physical Higgs fields in the spectrum: There are two neutral Higgs bosons, H 0 and K 0 ,
and the mixing between the two neutral Higgses is described by the angle γ. The charged Higgses H ± are linear combinations of the charged components in the doublet and the triplet, with a mixing angle δ,
where G ± are the Goldstone bosons corresponding to the longitudinal components of W ± . The masses of these four physical scalar fields, M H 0 , M K 0 and M H ± , respectively, are free parameters in the model. The W boson mass is given by,
where v/ √ 2 = φ 0 is the VEV of the neutral component of the SU (2) L Higgs boson and v ′ = η 0 = 1 2 v tan δ is the vacuum expectation value of the additional scalar, leading to the relationship v
A real triplet does not contribute to M Z , leading to
The main result of this section is to show that the renormalization of a theory with ρ = 1 at tree level is fundamentally different from that of the SM. Due to the presence of the SU (2) L triplet Higgs, the gauge sector now has four fundamental parameters, the additional parameter being the VEV of the SU (2) L triplet Higgs, v ′ . A consistent renormalization scheme thus requires a fourth input parameter 25 . We choose the fourth input parameter to be the effective leptonic 
Thus the scalar contribution to ∆r triplet in this case is very large, and it grows with the scalar masses. On the other hand, when the mass splitting between either pair of the three scalar masses is small (case (a) and (b) and their generalization), the scalar contributions grow with the mass splitting 10,27,28 , 
Cancellations can occur in this case among contributions from different scalar fields, leading to the viability of a heavier neutral Higgs boson than is allowed in the SM 29 .
The non-decoupling property of the triplet is seen in Eq. (31), (32) and (33). Because ∆r triplet depends quadratically on the scalar masses 6,30,31,32,33 , the scalars must be included in any effective field theory analysis of low energy physics.
The scalar potential of the model with a SU (2) L triplet and an SU (2) L doublet is given by the following 29 :
where σ α denotes the Pauli matrices, and
From the minimization conditions (see Appendix D),
we obtain the following conditions,
The two mixing angles, γ and δ, in the neutral and charged Higgs sectors defined in Eqs. (18) and (19) , are solutions to the following two equations 29 ,
which are obtained by minimizing the scalar potential. In terms of the parameters in the scalar potential, the masses of the four scalar fields are given by 29 ,
This model has six parameters in the scalar sector, µ
, tan δ, tan γ as the independent parameters. Two of these six parameters, v and tan δ, contribute to the gauge boson masses.
When turning off the couplings between the doublet and the triplet in the scalar potential, λ 3 = λ 4 = 0, the triplet could still acquire a VEV,
λ2 , provided that µ 2 2 is negative. Since we have not observed any light scalar experimentally up to the EW scale, the triplet mass which is roughly of order µ 2 has to be at least of the EW scale, v µ 2 . This is problematic because the VEV of a real triplet only contributes to M W but not to M Z , which then results in a contribution of order O(1) to the ρ parameter, due to the relation, ρ = 1 + 4 v ′2 v 2 . For µ 2 greater than v, the EW symmetry is broken at a high scale. In order to avoid these problems, the parameter µ 2 2 thus has to be positive so that the triplet does not acquire a VEV via this mass term when λ 4 is turned off. Once the coupling λ 3 is turned on while keeping λ 4 = 0, the term λ 3 |H| 2 Φ † Φ effectively plays the role of the mass term for Φ and for H. Thus, similar to the reasoning given above, for µ 2 ∼ v, the coupling λ 3 has to be positive so that it does not induce a large triplet VEV. For simplicity, consider the case when there is no mixing in the neutral Higgs sector, γ = 0. In this case, when the mixing in the charged sector approaches zero, δ → 0, the masses M K 0 and M H ± approach infinity, and their difference M
The contribution due to the new scalars thus vanishes, and only the lightest neutral Higgs contributes to ∆r triplet . Even though the contribution due to the new scalars vanishes, ∆r triplet does not approach ∆r SM . This is because in the TM case, four input parameters are needed, while in the SM case three inputs are needed. There is no continuous limit that takes one case to the other 5,6,30,31,32,33 . One way to achieve the δ → 0 limit is to take the mass parameter µ 2 , which approaches infinity as δ → 0. This can also be seen from Eq. (D.7). As there is no mixing in the neutral sector,
the condition
then follows. So, in the absence of the neutral mixing, γ = 0, in order to take the charged mixing angle δ to zero while holding λ 4 fixed, one has to take λ 3 to infinity. In other words, for the triplet to decouple requires a dimensionless coupling constant λ 3 to become strong, leading to the breakdown of the perturbation theory. Alternatively, the neutral mixing angle γ can approach zero by taking µ 2 2 → ∞ while keeping λ 3 and λ 4 fixed. In this case, the minimization condition,
where t δ ≡ tan δ, implies that the charged mixing angle δ has to approach zero. This again corresponds to the case where the custodial symmetry is restored, by which we mean that the triplet VEV vanishes, v ′ = 0. In this case, severe fine-tuning is needed in order to satisfied the condition given in Eq. (41) . Another way to get δ → 0 is to have λ 4 → 0, which trivially satisfies Eq. (40) . This can also be seen from Eq. D.4,
Eq. (41) then gives λ 4 cot δ ∼ λ 3 v. So for small λ 3 , the masses of these additional scalar fields are of the weak scale,
This corresponds to a case when the custodial symmetry is restored. So unless one imposes by hand such symmetry to forbid λ 4 , four input parameters are always needed in the renormalization. If there is a symmetry which makes λ 4 = 0 (to all orders), say, Φ → −Φ, then there are only three input parameters needed. So the existence of such a symmetry is crucial when one-loop radiative corrections are concerned.
Results
The previous section has presented analytic results for the triplet model, demonstrating that the dependence of the W mass on the top quark mass is logarithmic, while the dependence on the scalar masses is quadratic. A dramatic change in the behavior of the W mass is also observed in the SU (2) L × SU ( for M W is similarly softer because the top quark contributions are suppressed by a heavy scale, M W2 . In the triplet model and the left-right model, the range of m t that gives a prediction for M W consistent with the experimental value is thus much larger, ranging from m t = 120 to 250 GeV. The presence of the triplet Higgs thus dramatically changes the m t dependence in M W . This is clearly demonstrated in Fig. 1 by the almost flat curves of the triplet and left-right symmetric models, contrary to that of the SM, which is very sensitive to m t . In Fig. 2 , we show the prediction for M W as a function of m t in the triplet model, with α(M Z ) andŝ θ varying within the 1σ limits 4,1 , α(M Z ) −1 = 128.91±0.0392 andŝ 2 θ = 0.2315±0.000314. We find that the prediction for M W is very sensitive to the input parameters α(M Z ) andŝ θ .
The complete contributions from the top and bottom quarks and the SM gauge bosons, as well as all four scalar fields in the triplet model are included in Fig. 3 and 4. We have also included the box and vertex corrections. In Fig. 3 , we show the prediction in the triplet model for M W as a function of m t , allowing M H 0 , M H ± and M K 0 to vary independently between 1 − 3 TeV, 300 − 600 GeV and 500 − 600 GeV. Interestingly, for all scalar masses in the range of 1 − 3 TeV, the prediction for 
Conclusion
We have considered the top quark contribution to muon decay at one loop in the SM and in two models with ρ = 1 at tree level: the SM with an addition real scalar triplet and the minimal left-right model. In these new models, because the ρ parameter is no longer equal to one at the tree level, a fourth input parameter is required in a consistent renormalization scheme. These models illustrate a general feature that the m t dependence in the radiative corrections ∆r triplet becomes logarithmic, contrary to the case of the SM where ∆r SM depends on m t quadratically. One therefore loses the prediction for m t from radiative corrections. On the other hand, due to cancellations between the contributions to the radiative corrections from the SM Higgs and the triplet, a Higgs mass M H 0 as large as a few TeV is allowed by the W mass measurement. We emphasize that by taking the triplet mass to infinity, one does not recover the SM. This is due to the fact that the triplet scalar field is non-decoupling, and it implies that the one-loop electroweak results cannot be split into a SM contribution plus a piece which vanishes as the scale of new physics becomes much larger than the weak scale. This fact has been overlooked by most analyses in the littlest Higgs model 37,38 , and correctly including the effects of the triplet can dramatically change the conclusion on the viability of the model 10,11 . Such non-decoupling effect has been pointed out in the two Higgs doublet model 27 , left-right symmetric model 28 , and the littlest Higgs model 10 . It has not been discussed before in the model with a triplet. We comment that the non-decoupling observed in these examples do not contradict with the common knowledge that in GUT models heavy scalars decouple. These two cases are fundamentally different because in GUT models, heavy scalar fields do not acquire VEV that break the EW symmetry, while in cases where non-decoupling is observed, heavy scalar fields do acquire VEV that breaks the EW symmetry. The quadratic dependence in scalar masses in the triplet model can be easily understood physically. In SM with only the Higgs doublet present, the quadratic scalar mass contribution is protected by the tree level custodial symmetry, and thus the Higgs mass contribution is logarithmic at one-loop. This is the well-known screening theorem by Veltman 39 . As the custodial symmetry is broken in the SM at one-loop due to the mass splitting between the top and bottom quarks, the two-loop Higgs contribution is quadratic. In models with a triplet Higgs, as the custodial symmetry is broken already at the tree level, there is no screening theorem that protects the quadratic scalar mass dependence from appearing. Our results demonstrate the importance of performing the renormalization correctly according to the EW structure of the new models.
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Appendix A. Contributions of the top loop
We summarize below the leading contributions due to the SM top loop to the self-energies of the gauge bosons 10 , where the definitions of the Passarino-Veltman functions utilized below are given in 10 .
where
The integrals are defined as,
Here s θ is defined in the on-shell scheme (Eq. (8)) for the SM and as the effective weak mixing angle (Eq. (23)) for the TM and LR model.
Appendix B. Contributions of the scalars in a model with a triplet Higgs
The complete contributions to various two-point functions that appear in ∆r triplet are given below, where the scalar and fermion contributions are given in Ref. 25, 10 , and we have taken the SM gauge boson contributions from Ref. 18 .
and s θ is defined in Eq. (23) .
To extract the dependence on the masses of the lightest neutral Higgs, M H 0 , and the extra scalar fields, M K 0 and M H ± , we first note that, in the limit δm 2 ≪ m 
.
that the Higgs fields obtain the following VEV's:
where the quantum numbers of these Higgs fields under SU (2) L , SU (2) R and U (1) B−L are given inside the parentheses. The VEV v R breaks the SU (2) R × U (1) B−L symmetry down to U (1) Y of the SM, while the bi-doublet VEV's κ and κ ′ break the electroweak symmetry; the VEV v L may be relevant for generating neutrino masses 44, 45, 46, 47, 48, 49, 50, 51, 52 . After the symmetry breaking, there are two charged gauge bosons, W 1 and W 2 , two heavy neutral gauge bosons, Z 1 and Z 2 , and the massless photon. We will assume that W 1 and Z 1 are the lighter gauge bosons and obtain roughly their SM values after the symmetry breaking.
Turning off the SU (2) L triplet VEV, v L = 0, and assuming for simplicity that the SU (2) L × SU (2) R gauge coupling constants satisfy g L = g R = g, there are five fundamental parameters in the gauge/Higgs sector, as input parameters. The counter term for the weak mixing angle is then defined through these parameters and their counter terms. Assuming that the heavy gauge bosons are much heavier than the SM gauge bosons, M W2 , M Z2 ≫ M W1 , M Z1 , then to leading order O(M One way to understand this is that in the left-right model, four input parameters are held fixed, while in the SM three input parameters are fixed. There is thus no continuous limit which takes one from one case (ρ = 1 at tree level) to the other (ρ = 1 at tree level). This discontinuity, which has been pointed out previously 6,5 , is closely tied to the fact that the triplet Higgs boson is non-decoupling 27,28,10 . Due to this non-decoupling effect, even if the triplet VEV is extremely small, as long as it is non-vanishing, there is the need for the fourth input parameter. The only exception to this is if there is a custodial symmetry which forces v ′ = 0: in this case only the usual three input parameters are necessary.
We also note that the contribution of the lightest neutral Higgs in this case is given by 34 , 
